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i.  intxo dMc,t lap » 

Let  v,k,t  and  \  he  positive  integers  satisfying  v  *  k  * 
t.  Set  V  »  (l,2,...,vj  and  let  vrk  he  the  set  of  all  distinct 
subsets  of  size  k  based  on  V.  Elements  of  vrk  are  called  blocks 
of  size  k.  A  t-design  S  (t,k,v)  is  a  collection,  a,  of  elements 
of  vrk  with  the  property  that  each  element  of  vrt  occurs  as  a  sub¬ 
set  in  exactly  \  blocks  B  €  «  (repetitions  of  blocks  are  permitted). 
When  B  m  vrk  the  corresponding  t-design  is  called  a  trivial  t -de¬ 
sign.  However  if  g  4  vrk  but  a  contains  elements  the  asso¬ 

ciated  t-design  is  referred  to  as  an  essentially  trivial  t-design. 

Order  the  blocks  lexicographically,  and  if  a  block  B^  is  the 
ith  element  of  vrk,  we  identify  B^  with  the  -dimensional  col¬ 
umn  vector  whose  entries  are  zeros  except  that  the  ith  entry  is  one. 

Any  t-design  S^(t,k,v)  can  also  be  identified  with  a  (^-dimen¬ 
sional  column  vector  F  »  (f^fg,...)'  ,  in  which  f^  denotes  the 
frequency  of  the  ith  element  of  vrk  in  the  design.  In  terms  of 
this,  a  t-design  with  the  above  parameters  can  be  regarded  as 
IflBi  with  f^  nonnegative  integers  and  B^  e  vrk  such  that  for 

any  t-plet  X  €  vrt  , 

r  -  x 

Bi  2  x 


If  B^  is  a  block  in  vrk  and  t^  is  an  integer;  then 
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£  is  also  identified  with  a  -dimensional  column  vector. 


The  collection 


J  ■  f  S  ti  B,  :  #i-  0  for 

'.ill 

i:Bl  =  X 


all  X  e 


V£t”J. 


is  of  particular  interest.  Following  Hedayat  and  Li  (3979)*  ele¬ 
ments  of  ;  are  called  (v,k,t)  trades .  The  sum  of  positive  t^'s 
in  a  (v,k,t)  trade  is  referred  to  as  the  volume  of  the  trade.  When¬ 
ever  a  t-design  S^(t,k,v)  exists,  any  other  design  with  the  same 
parameter  can  be  obtained  by  adding  proper  elements  of  3  [see 
Hedayat  and  Li  (1979)  for  details].  Therefore  the  more  we  understand 
the  structure  of  3  the  better  we  will  be  able  to  investigate  the 
existence  and  nonexistence  of  t -designs.  In  fact.  Graver  and  Jur- 
kat  (1973)  observed  that  3  forms  a  Z -module  with  dimension  (Jj- 
.  The  elements  of  3  are  called  "null  designs"  by  them.  They 
also  obtained  a  generating  system  for  the  module  from  a  special  con¬ 
struction  called  "(t,k)-pod".  Graham,  Li  and  Li  (1980)  reproduced 
these  generators  in  terms  of  polynomials  and  gave  an  explicit  basis 
for  3  .  In  this  report,  we  present  a  computer  algorithm  to  generate 
this  basis.  We  also  provide  an  example  for  v  »  8,  k  ■  4  and  t  »  2. 


2.  A  fraala  for  the _ (v,Jt»tLL.tradftfi. 

Let  S„  be  the  group  of  permutations  on  V  and  let  S*  v  «. 

V  V |ft|b 

consist  of  those  <j  €  Sy  which  satisfy: 

(a)  <y(l)  <  o(3)  <  ...  <  a(2t  +  1); 

(b)  o(2)  <  a(4)  <  ...  <  ff(2t  +  Z); 
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(c)  o(2i  -  1)  <  o(2i)  (2.1) 

(d)  o(2t  +  1)  <  cr(2t  +  3)  <  a(2t  +  4)  <  ...  <  a(k+t+l); 

(e)  a(2t  +  1)  <  a(k+t+2)  <  a(k+t+3)  <  ...  <  a(v)j 

(f)  If  2t  +  3  i  i  S  k+t+1  <J  iv  and  c(l)  <  o(2t  +  2) 
then  o(l)  <  a(j). 

The  following  Theorems  are  quoted  from  Graham,  LI  and  LI 

(1980). 

IhMXfift  la,  lSy,k,t  ^  "  (k)"(t)  whenever  v  *  k+t+1  and 
k  s  t+1. 

Let  Z  [x^...,xy]  denote  the  polynomial  ring  with  v  vari¬ 
ables  over  Z.  For  f  e  Z  [x^  ...,3^]  and  <j  €  Sy  ,  define  the 
polynomial  f°  €  Z  [x^...,xy]  by 

Theorem  2.  The  module  3  for  (v,k,t)  trades  is  generated 
over  Z  by  the  collection  ($°  :  <y  e  sy,k,t*'  where  *€Z  [x^,  ...xy] 
and 

gfx^Xg*  . .  .Xy)  -  ^a5l"3C2^x3“x4^  *  **(x2t+l"x2t+2^3C2t+3*  *  *  ,xk+t+l  * 
This  collection  Is  void  when  v  <  k+t+1  or  k  <  t+1. 

corollary  1.  The  collection  U°:  0  e  S*^  tJ  forms  a  basis 
for  7,  if  v  *  k  +  t  +  1  and  k  s  t  +  1. 

■■  Hereafter,  the  notation  for  a  block  of  size  k  consisting  of 
the  elements  will  be  (x^Xg.  ..^b  while  the  order 

among  the  k  elements  are  immaterial. 
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flttJBOtul*  v-8,  k-4,  t-2 

•  •  •  >Xg)  *  (x^”X2) (x^-x^) (x^-Xg)  x7 
+  XgX^X^Xy  +  XgX^XgXy  +  x^^x^x^ 

X2X3X5X7  “  xix4x5x7  ~  xlx3x6x7  “  X2X4X6X7 


By  identifying  x±  with  i  (the  ith  element  in  V)  we  obtain 
a  symbolic  generator  T  for  the  (8,4,2)  trades: 

T  =  (1357)  +  (2457)  +  (2367)  +  (1467) 

-  (2357)  -  (1457)  -  (1367)  -  (2467) 

<*1  *  (78)  and  <j2  -  (67),  we  can  easily  check  that  both 
CT1  and  ®2  satisfy  (2.1),  i.e.,  e  Sg#1^2  ,  Thus 

-  (1358)  +  (2458)  +  (2368)  +  (1468) 

-  (2358)  -  (1458)  -  (1368)  -  (2468) 

and 

Tff2  -  (1356)  +  (2456)  +  (2367)  +  (1467) 

-  (2356)  -  .(1456)  -  (1367)  -  (2467) 

are  also  members  of  the  basis.  As  <*  runs  through  Sg  4  2,  the 

collection  (T°>  <j  c  Sg^4^2j  would  provide  a  basis  for  the  (8,4,2) 

trades . 

flaaalft z ♦  v-8,  k  -  4,  t-3 

l(x1,x2»...xg)  -  (x1-x2)(x5-x4)(xg-xg)(x^-xg) 

-  X1X3X5X7  +  X2X4X5X7  +  X2X3X6X7  +  XgXjXjXg  +  X2X4X6X7 

+  x1x4x5x8  +  xix3x6x8  +  X2X4X6X8  ’  X2X3X5X7  "  xix4x5x7 

-  x1x5x6x7  “  xix3x3x8  ‘  X2X4X6X7  “  X2X4X5X8  “  X2X3X6X8 


1 


J 
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Simllar  to  the  above  manner,  we  obtain  a  symbolic  generator 
T  for  the  the  (8,4,3)  trades: 

T  -  (1357)  +  (2457)  +(2367)  +(2358)  +  (1467)  +  (1458)  +  (1368) 

+  (2468) 

-  (2357)  -  (1457)  -  (1367)  -  (1358) -(2467)  -  (2458)  -  (2368) 

-  (1468)  . 

In  this  case  •  (78)  does  not  satisfy  (2.1) (c).  Therefore 
al  *  S8,4,3  *  However,  a2  *  (67)  €  Sg  ^  ^  and  thus 

Tag  -  (1356)  +  (2456)  +  (2376)  +  (2358)  +  (1476)  +  (1458) 

+  (1378)  +  (2478) 

-  (2356)  -  .(1456)  -  (1376)  -  (1358)  -  (2476)  -  (  2458) 

-  (2378)  -  (1478)  . 

Is  a  meiflber  of  the  basis.  Again,  as  ®  runs  through  s|  ^  ^  ,  the 
collection  (Ta;  oeSg^^j  would  provide  a  basis  for  the  (8,4,3) 
trades . 

3.  A  computer  algorithm  for  generating  a  basis  for  (v.k.t)  trades. 

In  this  section  we  present  a  computer  algorithm  which  can  be 
utilized  to  generate  a  basis  for  (v,k,t)  trades  so  long  as  v  ^  k+ 
t+1  and  k  ^  t+1.  There  are  four  subroutines  Involved  In  this  pro¬ 
gram,  namely: 

(1)  SUBROUTINE  NEXBAS 

(2)  SUBROUTINE  NEXPER 

(3)  SUBROUTINE  OENBAS 

(4)  SUBROUTINE  NEXXSB 
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These  four  subroutines  are  listed  separately.  SUBROUTINE 
NEXPER  and  SUBROUTINE  GENBAS  are  called  by  SUBROUTINE  NEXBAS, 
while  SUBROUTINE  NEXKSB  Is  called  by  SUBROUTINE  GENBAS.  The  pur¬ 
pose  of  each  subroutine  are  stated.  To  use  this  computer  algori¬ 
thm,  we  simply  write  our  own  main  program  to  Input  the  data  v,t, 
k  and  print  out  the  trades  In  the  desired  form.  An  example  that 
generates  a  basis  for  the  (8,4,2)  trades  and  their  output  are 
attached  at  the  end  of  this  report. 
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IT  IS  CALLED  BY  SUBROUTINE  NEXBAS 
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